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Abstract. This study of gauge field theories on κ-deformed Minkowski spacetime extends previous work on
field theories on this example of a non-commutative spacetime. We construct deformed gauge theories for
arbitrary compact Lie groups using the concept of enveloping algebra-valued gauge transformations and
the Seiberg–Witten formalism. Derivative-valued gauge fields lead to field strength tensors as the sum of
curvature- and torsion-like terms. We construct the Lagrangians explicitly to first order in the deformation
parameter. This is the first example of a gauge theory that possesses a deformed Lorentz covariance.

1 Introduction

The best known description of the fundamental forces of
nature is given by gauge theories. Nevertheless intrinsic
difficulties arise in these theories at very high energies or
very short distances. Physics is not very well known in this
limit. This has lead to the idea of modifying the structure
of spacetime at very short distances and to introduce un-
certainty relations for the coordinates to provide a natural
cut-off (for reviews of this wide field see [1,2]). It is expected
that gauge theories still play a vital role in this regime.

We expect especially interesting new features of gauge
field theories formulated on spaces with a deformed space-
time symmetry. Here we concentrate on the κ-deformed
Poincaré algebra (introduced in [3–5]1). The spacetime
which is covariant with respect to this deformed symmetry
algebra is called the κ-deformed quantum space.

In a previous paper [6] deformed field theories on a
κ-deformed quantum space have been constructed. The
techniques necessary for such a construction have been
thoroughly discussed there. In this paper we show how the
deformation concept can be applied to a gauge field the-
ory. We construct deformed gauge theories for arbitrary
compact Lie groups. “Deformed” does not mean that the
Lie groups will be deformed, however, the transformation
parameters will depend on the elements of the κ-deformed
coordinate space. This implies that Lie algebra gauge trans-
formations are generalized to enveloping algebra-valued
gauge transformations.
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1 For additional references concerning this model see [6].

This is possible by making use of the Seiberg–Witten
map [7–9]. This is a map that allows one to express all
elements of the non-commutative gauge theory by their
commutative analogs. It follows that a deformed gauge
theory can be constructed with exactly the same number
of fields (gauge fields, matter fields) as the standard gauge
theory on undeformed space.

Of special interest is the interplay of the gauge
transformations with the κ-deformed Lorentz transforma-
tions. Gauge theories are based on the concept of covariant
derivatives constructed with gauge fields. Covariance now
refers both to the gauge transformations and to the κ-
Lorentz transformations.

Theories like the one presented here can be used to
deform the standard model (compare with the approach
in [10, 11]). For example, new coupling terms in the La-
grangian arise. This has experimental consequences and
the model can be tested phenomenologically. We exhibit
these terms for an arbitrary gauge group to first order in
the deformation parameter. These models should be under-
stood in such an expansion; it renders an infrared cutoff.
We do not assume that these models should be used to
describe physics at large distances.

To obtain phenomenologically interesting results we de-
velop the theory on a space-like κ-deformed spacetime with
Minkowski signature (in [6] κ-deformed Euclidean space-
time was discussed).

This paper is organized as follows: In the first sec-
tion we present a compilation of all relevant formulae for
κ-Minkowski spacetime. To derive and understand these
formulae, [6] is essential. In the second section we inves-
tigate covariant derivatives for enveloping algebra-valued
gauge transformations. Attention is given to the κ-Lorentz
covariance as well as to gauge covariance. For this purpose
the enveloping algebra-valued gauge formalism is devel-
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oped and the transformation property of the gauge field is
derived. This leads to the new concept of derivative-valued
gauge fields. The field strength tensors, defined by commu-
tators of covariant derivatives, are derivative dependent as
well. We expand them in terms of covariant derivatives and
show that each expansion coefficient is a tensor by itself; we
call them torsion-like tensors. The derivative-independent
term is a deformation of F 0

µν and is used in the construction
of Lagrangians.

In the third section we construct the Seiberg–Witten
map. We use the �-product formalism and expand in the
deformation parameter. All gauge and matter fields of the
deformed theory can be expressed in terms of the standard
Lie algebra gauge fields and the standard matter fields.
This allows for the construction of a Lagrangian in terms
of the standard fields.

In the fourth section we discuss the interplay of κ-
Lorentz and gauge transformations. We show that gauge
transformations and κ-Lorentz transformations commute
and that the κ-Lorentz transformed gauge transformation
reproduces again the algebra. This can be implemented in
a more abstract setting, but we discuss this issue explicitly
in order to become familiar with the comultiplication rules
and their consequences.

2 The κ-Minkowski space

In a previous paper we discussed the κ-Euclidean space [6]
(introduced in [3,4]) and argued that the generalization to
a Minkowski version is straightforward. We introduce here
this space-like κ-deformed Minkowski spacetime, which is
more interesting for phenomenological applications. First
we present the relevant formulae.

Coordinate space

We start from the same algebra as in [6]:

[x̂µ, x̂ν ] = i(aµx̂ν − aν x̂µ), µ, ν = 0, 1, . . . , n, (1)

but the metric ηµν = diag(1,−1, . . . ,−1) and its inverse
are used to raise and lower indices. Space-like deformation
will be achieved by assuming aµ to be space-like. The n-
direction is rotated in the direction of aµ, an = a, aj =
0. We label the n commuting coordinates with x̂i (i =
0, . . . , n − 1) as opposed to x̂n and obtain the following
commutation relations:

[x̂n, x̂j ] = iax̂j , [x̂i, x̂j ] = 0, i, j = 0, 1, . . . , n− 1. (2)

The parameter a is related to the frequently used param-
eter κ:

a =
1
κ
. (3)

The κ-deformed Lorentz algebra

The formulae for the transformation of the spacetime coor-
dinates are the same as for the Euclidean space, replacing

δµν with ηµν and paying attention to upper and lower in-
dices:

[M ij , x̂µ] = ηµj x̂i − ηµix̂j ,

[M in, x̂µ] = ηµnx̂i − ηµix̂n + iaM iµ, (4)

µ = 0, 1, . . . , n. These relations are consistent with the al-
gebra (2) and they lead to the undeformed algebra relations
of the generators Mµν of the Lorentz algebra so(1, n):

[Mµν ,Mρσ] = ηµσMνρ + ηνρMµσ − ηµρMνσ − ηνσMµρ.
(5)

As in [6], this is again the undeformed algebra [5]. How-
ever, the generators act in a deformed way on products of
functions (i.e. they have a deformed coproduct)

M ij(f̂ · ĝ) = (M ij f̂) · ĝ + f̂ · (M ij ĝ),

M in(f̂ · ĝ) = (M inf̂) · ĝ + (eia∂̂n f̂) · (M inĝ) (6)

+ia(∂̂kf̂) · (M ikĝ).

In this paper we adopt the convention that over double
Latin indices should be summed from 0 to n− 1 and over
double Greek from 0 to n.

2.1 Derivatives

We introduce derivatives in such a way that they are con-
sistent with (2):

[∂̂n, x̂
µ] = η µ

n ,

[∂̂i, x̂
µ] = η µ

i − iaηµn∂̂i. (7)

Derivatives naturally carry a lower index. It is possible to
derive from (7) the Leibniz rule (i.e. the coproduct):

∂̂n (f̂ · ĝ) = (∂̂nf̂) · ĝ + f̂ · (∂̂nĝ),

∂̂i (f̂ · ĝ) = (∂̂if̂) · ĝ + (eia∂̂n f̂) · (∂̂iĝ). (8)

The derivatives are a κ-Lorentz algebra module:

[M ij , ∂̂µ] = ηj
µ∂̂

i − ηi
µ∂̂

j ,

[M in, ∂̂n] = ∂̂i, (9)

[M in, ∂̂j ] = ηi
j

e2ia∂̂n − 1
2ia

− ia
2
ηi

j ∂̂
l∂̂l + ia∂̂i∂̂j .

Thepart ofMµν that acts on the coordinates andderiva-
tives can be expressed in terms of the coordinates and
the derivatives:

M̂ ij = x̂i∂̂j − x̂j ∂̂i,

M̂ in = x̂i 1 − e2ia∂̂n

2ia
− x̂n∂̂i +

ia
2
x̂i∂̂l∂̂l. (10)
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Dirac operator

The κ-deformed Dirac operator has the components:

D̂n =
1
a

sin(a∂̂n) − ia
2
∂̂l∂̂le−ia∂̂n ,

D̂i = ∂̂ie−ia∂̂n , (11)

[Mµν , D̂ρ] = ην
ρD̂

µ − ηµ
ρD̂

ν . (12)

It can be seen as a derivative as well and satisfies the
Leibniz rule:

D̂n(f̂ · ĝ) = (D̂nf̂) · (e−ia∂̂n ĝ) + (eia∂̂n f̂) · (D̂nĝ)

−ia(D̂ieia∂̂n f̂) · (D̂iĝ), (13)

D̂i (f̂ · ĝ) = (D̂if̂) · (e−ia∂̂n ĝ) + f̂ · (D̂iĝ).

That the Dirac operator really acts as a derivative fol-
lows from the commutation relations, when we expand the
square root:

[D̂n, x̂
j ] = −iaD̂j ,

[D̂n, x̂
n] =

√
1 + a2D̂µD̂µ,

[D̂i, x̂
j ] = η j

i

(
−iaD̂n +

√
1 + a2D̂µD̂µ

)
, (14)

[D̂i, x̂
n] = 0.

�-product

In the �-product formulation (explained in detail in [6])
all the elements of the coordinate algebra can be realized
as functions of commuting variables. Derivatives and the
κ-Lorentz algebra generators can be realized in terms of
commuting variables and derivatives. On the �-product of
functions they act with their comultiplication rules without
seeing the x and derivative dependence of the �-product.

Here we present for convenience a compilation of the
relevant formulae used in the rest of this paper.

The κ-Minkowski spacetime (2) can be considered as
a Lie algebra with Cµν

λ = a(ηµ
nη

ν
λ − ην

nη
µ
λ) as structure

constants. These structure constants appear also in the
expansion of the symmetric �-product:

f � g(x)

= lim
y→x
z→x

exp
(

i
2
xλCµν

λ ∂µ ⊗ ∂ν

− a

12
xλCµν

λ (∂n∂µ ⊗ ∂ν − ∂µ ⊗ ∂n∂ν) + . . .

)
×f(y) ⊗ g(z)

= f(x)g(x) +
ia
2
xj(∂nf(x)∂jg(x) − ∂jf(x)∂ng(x))

+ . . . . (15)

The derivatives

∂∗
nf(x) = ∂nf(x),

∂∗
i f(x) =

eia∂n − 1
ia∂n

∂i f(x) (16)

have the Leibniz rule

∂∗
n(f(x) � g(x))

= (∂∗
nf(x)) � g(x) + f(x) � (∂∗

ng(x)) ,

∂∗
i (f(x) � g(x)) (17)

= (∂∗
i f(x)) � g(x) + (eia∂∗

nf(x)) � (∂∗
i g(x)) .

The Dirac operator

D∗
nf(x) =

(
1
a

sin(a∂n) − cos(a∂n) − 1
ia∂2

n

∂j∂
j

)
f(x),

D∗
i f(x) =

e−ia∂n − 1
−ia∂n

∂if(x) (18)

has the following Leibniz rule:

D∗
n(f(x) � g(x))

= (D∗
nf(x)) � (e−ia∂∗

ng(x)) + (eia∂∗
nf(x)) � (D∗

ng(x))

−ia
(
D∗

j eia∂∗
nf(x)

)
� (Dj∗

g(x)),

D∗
i (f(x) � g(x))

= (D∗
i f(x)) � (e−ia∂∗

ng(x)) + f(x) � (D∗
i g(x)). (19)

The generators of κ-Lorentz transformations, acting on
coordinates and derivatives,

M∗inf(x) (20)

=
(
xi∂n − xn∂i + xi∂µ∂

µ eia∂n − 1
2∂n

+xµ∂µ∂
i a∂n + i(eia∂n − 1)

a∂2
n

)
f(x),

M∗ijf(x) =
(
xi∂j − xj∂i

)
f(x),

have the following coproduct:

M∗in (f(x) � g(x))

=
(
M∗inf(x)

)
� g(x) +

(
eia∂∗

nf(x)
)
�

(
M∗ing(x)

)
+ia

(
∂∗

j f(x)
)
�

(
M∗ijg(x)

)
,

M∗ij (f(x) � g(x))

= (M∗ijf(x)) � g(x) + f(x) � (M∗ijg(x)). (21)

Thus, the entire calculus developed in the abstract algebra
can be formulated in the �-product setting. For applications
in physics this is of advantage because functions of com-
muting variables x are suitable representations of physical
objects like fields.
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3 Covariant derivatives

Gauge theories will be formulated with the help of co-
variant derivatives. We shall demand covariance under the
κ-Lorentz algebra as well as covariance under the gauge
group. Gauge fields have to be vector fields that transform
like the Dirac operator under the deformed Lorentz algebra
to render a covariant theory.

κ-Lorentz covariance

We start from the definition of a scalar field. In an un-
deformed theory this would be φ′(x′) = φ(x). For non-
commuting variables we try however to avoid x̂′. Note that

x̂′µx̂′ν �= (1 + εµνM̂
µν)x̂µx̂ν . (22)

Therefore we replace φ̂′(x̂′) with (1+εµνM̂
µν)φ′(x̂), where

M̂µν acts on the coordinates and the derivatives and has
been defined in (10). The defining equation for a scalar
field will take the form

(1 + εµνM̂
µν)φ̂′(x̂) = φ̂(x̂), (23)

with the immediate consequence

φ̂′(x̂) = φ̂(x̂) − εµνM̂
µν φ̂(x̂). (24)

To compute the transformation law of a derivative of a
scalar field we calculate (1+εµνM̂

µν)D̂ρφ̂
′(x̂) that replaces

D̂′
ρφ̂

′(x̂′):

(1 + εµνM̂
µν)D̂ρφ̂

′(x̂) (25)

= D̂ρ(1 + εµνM̂
µν)φ̂′(x̂) + εµν [M̂µν , D̂ρ]φ̂′(x̂)

= D̂ρφ̂(x̂) + εµν(ην
ρD̂

µ − ηµ
ρD̂

ν)φ̂(x̂).

We have used (23) to obtain this result and the fact that
the second part on the right-hand side is already ε-linear.

The transformation law of a derivative of a scalar field
is used to define the transformation law of a vector field:

(1 + εµνM̂
µν)V̂ ′

ρ(x̂) = V̂ρ(x̂) + εµν(ην
ρV̂

µ − ηµ
ρV̂

ν). (26)

Thus, the derivative

D̂ρ = D̂ρ − iV̂ρ (27)

is κ-Lorentz covariant.

Gauge covariant derivatives

Gauge theories are based on a gauge group. This is a com-
pact Lie group with generators T a:

[T a, T b] = ifab
cT

c. (28)

Fields are supposed to span linear representations of this
group. Infinitesimal transformations with constant param-
eters αa are

δαψ = iαψ, α :=
∑

a

αaT
a = αaT

a. (29)

As usual,α is Lie algebra-valued and the commutator of two
such transformations closes into a Lie algebra-valued trans-
formation:

(δαδβ−δβδα)ψ = [α, β]ψ = iαaβbf
ab

cT
cψ ≡ δα×βψ. (30)

The symbol α × β is defined by this equation and it is
independent of the representation of the generators T a.

We generalize the gauge transformations (29) by consid-
ering x̂-dependent parameters α̂a(x̂). Whereas for commut-
ing coordinates Lie algebra-valued transformations close in
the Lie algebra, this will not be true for non-commuting co-
ordinates. This effect of non-commutativity leads to a gen-
eralization of Lie algebra-valued gauge transformations [8,
9].

There are exactly two representation-independent con-
cepts based on the commutation relations (28). These are
the Lie algebra and the enveloping algebra. The envelop-
ing algebra of the Lie algebra is defined as the free algebra
generated by the elements T a and then divided by the ideal
generated by the commutation relations (28). It is infinite-
dimensional and consists of all the (abstract) products of
the generators modulo the relations (28)2. Two elements of
the enveloping algebra are identified if they can be trans-
formed into each other by the use of the commutation
relations (28).

A basis can be chosen for the enveloping algebra; we
use the symmetrized products as such a basis and denote
elements of the basis with colons:

: T a : = T a,

: T aT b : =
1
2

(T aT b + T bT a), (31)

: T a1 . . . T al : =
1
l!

∑
σ∈Sl

(T σ(a1) . . . Tσ(al)).

Any formal product of the generators can be expressed in
the above basis by using the commutation relations (28),
e.g.

T aT b =
1
2

{T a, T b} +
1
2

[T a, T b] =: T aT b : +
i
2
fab

c : T c : .

(32)
The new concept is to allow gauge transformations that

are enveloping algebra-valued:

Λ̂{α}(x̂) =
∞∑

l=1

∑
basis

αl
a1...al

(x̂) : T a1 . . . T al : (33)

= αa(x̂) : T a : +α2
a1a2

: T a1T a2 : + . . .

2 Note that the product is not the matrix product of the
generators in a particular representation.
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With this definition we write this generalized transforma-
tion law as follows:

δ{α}ψ̂(x̂) = iΛ̂{α}(x̂)ψ̂(x̂), (34)

where {α} denotes the set of the coefficient functions. It
is clear that the commutator of two enveloping algebra-
valued transformations will be enveloping algebra-valued
again. The price we have to pay are the infinitely many
parameters {α}. This is too expensive. But in the next
chapter we will get a price reduction. We will find in the
next section that we may define the enveloping algebra-
valued transformation such that there will only be as many
independent parameters as there are in the Lie algebra-
valued case. Therefore it is worthwhile to pursue this idea.

It can be seen that under these generalized gauge trans-
formations a covariant derivative

δ{α}
(
D̂µψ̂(x̂)

)
= iΛ̂{α}(x̂)D̂µψ̂(x̂) (35)

has to become enveloping algebra-valued as well, by adding
an enveloping algebra-valued gauge field:

D̂µ = D̂µ − iV̂µ,

V̂µ =
∞∑

l=1

∑
basis

V l
µa1...al

: T a1 . . . T al : . (36)

Comparing with (27), the gauge field V̂µ has to be a vec-
tor field under κ-Lorentz transformations. Therefore each
gauge field V̂ l

µ a1...al
has to transform vector-like to guar-

antee (26).
A new feature arises due to the deformed coproducts

(13) of the Dirac operator which we used to define the
covariant derivative. We write (35) more explicitly:

δ{α}
(
(D̂µ − iV̂µ)ψ̂(x̂)

)
= iD̂µ

(
Λ̂{α}(x̂)ψ̂(x̂)

)
+ V̂µΛ̂{α}ψ̂(x̂)

−i
(
δ{α}V̂µ

)
ψ̂(x̂)

!= iΛ̂{α}(x̂)(D̂µ − iV̂µ)ψ̂(x̂). (37)

Both D̂n and D̂i act in a non-trivial way on products of
functions. For example, (35) will be satisfied for D̂i if

(δ{α}V̂i)ψ̂ = (D̂iΛ̂{α})e−ia∂̂n ψ̂ − i[V̂i, Λ̂{α}]ψ̂. (38)

If we want to use this formula in such a way that it is
independent of ψ̂, we see from (38) that the gauge field has
to be derivative-valued. Only then the transformation

δ{α}V̂i = (D̂iΛ̂{α})e−ia∂̂n − i[V̂i, Λ̂{α}], (39)

will lead to (35). For V̂n we can proceed in the same way
and find

δ{α}V̂n = (D̂nΛ̂{α})e−ia∂̂n +
(
(eia∂̂n − 1)Λ̂{α}

)
D̂n

−ia(D̂jeia∂̂nΛ̂{α})D̂j − i[V̂n, Λ̂{α}]. (40)

The gauge fields have to be derivative-valued to accommo-
date the first three terms on the right-hand side of (40)
(first term on the right-hand side of (39)). That the gauge
fields appear as derivative-valued is a new feature and is a
direct consequence of the coproduct rules. We will discuss
more details in the next section.

The commutator of two covariant derivatives defines a
covariantly transforming object:

F̂µν = i[D̂µ, D̂ν ]. (41)

It will be enveloping algebra- and derivative-valued as it is
the case for the gauge field. Its transformation properties
are tensor-like:

δ{α}F̂µνψ̂ = (δ{α}F̂µν)ψ̂ + F̂µνδ{α}ψ̂. (42)

From the definition of the covariant derivative follows

δ{α}F̂µνψ̂ = iΛ̂{α}F̂µνψ̂ (43)

= i(Λ̂{α}F̂µν − F̂µνΛ̂{α})ψ̂ + iF̂µνΛ̂{α}ψ̂.

Comparing this with (42) and (34) shows the covariant
transformation property of F̂µν :

δ{α}F̂µν = i[Λ̂{α}, F̂µν ]. (44)

The tensor F̂µν is derivative-valued. Instead of expanding
it in terms of the derivatives ∂̂µ, we can expand it in terms
of covariant derivatives D̂µ.

First we express ∂̂n by D̂µ [6]:

e−ia∂̂n = −iaD̂n +
√

1 + a2D̂µD̂µ. (45)

Next we replace D̂µ by D̂µ and subtract the additional
terms introduced that way:

D̂n = D̂n + iV̂n. (46)

Each V̂n will be derivative-valued again, but each derivative
carries a factor a and thus contributes to the next order
in a. To first order in a we obtain from (45) and (46):

e−ia∂̂n → 1 − ia∂̂n = 1 − iaD̂n

= 1 − iaD̂n + aV̂n.

To lowest order in a (compare with (40)), V̂n is not deriva-
tive-valued and contributes to the term in F̂µν that has no
derivatives. Finally we arrive at the expression

F̂µν = F̂µν + T̂ ρ
µνD̂ρ + . . .+ T̂ ρ1...ρl

µν : D̂ρ1 . . . D̂ρl
: + . . .

(47)
The colons denote a basis in the free algebra of covariant
derivatives. To each finite order in a this expansion will
have a finite number of terms. The individual terms will
transform like tensors as well:

F̂µν → i[Λ̂{α}, F̂µν ]
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= i[Λ̂{α}, F̂µν ] + i[Λ̂{α}, T̂ ρ
µνD̂ρ] (48)

+ . . .+ i[Λ̂{α}, T̂ ρ1...ρl
µν : D̂ρ1 . . . D̂ρl

:] + . . .

When we apply this to a field ψ̂ we find as before in (42)
to (44)

δ{α}F̂µν = i[Λ̂{α}, F̂µν ], (49)

δ{α}T̂ ρ1...ρl
µν = i[Λ̂{α}, T̂ ρ1...ρl

µν ]. (50)

Thus, F̂µν can be expanded in terms of a full series
of derivative-independent tensors. For the dynamics (La-
grangian) we are only going to use the curvature-like term
F̂µν . It transforms like a tensor and reduces to the usual
field strength F 0

µν for a → 0. To first order we get one
torsion-like contribution T̂ ρ

µν .

4 Seiberg–Witten map

In the previous chapter we saw that an enveloping algebra-
valued gauge transformation depends on an infinite set of
parameters. The same is true for the enveloping algebra-
valued gauge field; it depends on an infinite set of vector
fields. This gauge theory would feature an infinite number
of independent degrees of freedom.

This unphysical situation can be avoided if we make the
additional assumption that the transformation parameters
Λ{α} depend on the usual, Lie algebra-valued gauge field
A0

µa [7, 8]. We will find that this dependence reduces the
infinite number of degrees of freedom of the deformed gauge
theory to the finite number of degrees of freedom of the
Lie algebra gauge theory.

To find this dependence, known as the Seiberg–Witten
map, we start from the gauge transformation:

δ{α}ψ̂ = iΛ̂{α}ψ̂. (51)

The condition that this is actually a gauge transforma-
tion reads

(δ{α}δ{β} − δ{β}δ{α})ψ̂ = δ{α×β}ψ̂. (52)

We now introduce Λα as opposed to Λ{α} referring to so-
lutions of the Seiberg–Witten map. We have to replace all
parameters in (33) by

αl
a1...al

(x̂) −→ αl
a1...al

(x;αa(x), A0
µa(x)). (53)

The parameters are functions of x, the parameters αa(x) ≡
α1

a(x) and the gauge field A0
µa(x) as well as of their deriva-

tives. Since we define that the non-commutative gauge
parameters have a functional dependence only on com-
muting variables, we have to use the �- product formalism.
We choose as a starting point [10]

δαψ = iΛα � ψ with (δαδβ − δβδα)ψ = δα×βψ. (54)

The Lie algebra-valued gauge field A0
µ (in the following

we omit all explicit dependence on coordinates x):

A0
µ = A0

µ(x) =
∑

a

A0
µa(x)T a (55)

has the transformation property

δαA
0
µ = ∂µα− i[A0

µ, α], (56)

where α = αa(x)T a is Lie algebra-valued as well.
The gauge parameter Λα depends on A0

µ and because
of (56) δαΛβ is not zero. We take this into account when
we write (54) more explicitly

(δαδβ − δβδα)ψ

= (Λα � Λβ − Λβ � Λα) � ψ + i(δαΛβ − δβΛα) � ψ

= δα×βψ. (57)

That (57) has a solution can be seen on more general
grounds [12] (also [13–15]). Here we construct a solution
by a power series expansion in the deformation parameter a:

Λα = α+ aΛ1
α + . . .+ akΛk

α + . . . . (58)

In this paper we will consider only the first-order term
in a to make the formalism transparent. Assuming a to be
small, only the leading term will be of relevance for phe-
nomenological applications. We have however calculated
all quantities also to second order and have checked the
validity of the statements made here.

We expand (57) to first order in a:

Λ0
αΛ

1
β + Λ1

αΛ
0
β + Λ0

α � Λ
0
β |O(a) − Λ0

βΛ
1
α (59)

− Λ1
βΛ

0
α − Λ0

β � Λ
0
α|O(a) + i(δαΛ1

β − δβΛ
1
α) = iΛ1

α×β ,

or, using Λ0
α = α,Λ0

β = β and the explicit form of the
�-product,

[α,Λ1
β ] + [Λ1

α, β] +
i
2
xλCµν

λ {∂µα, ∂ν β}

+i(δαΛ1
β − δβΛ

1
α) = iΛ1

α×β . (60)

To first order in a the non-commutative structure con-
tributes a term from the �-product, which forbids Λ1

α equal
zero. Equation (60) is an inhomogeneous linear equation
in Λ1

α, with the solution

Λ1
α = − 1

4
xλCµν

λ {A0
µ, ∂ν α}, (61)

where Cµν
λ are the structure constants of the coordinate

algebra. More explicitly this is

Λ1
α =

a

4
xj

({A0
j , ∂nα} − {A0

n, ∂jα})
. (62)

This solution is hermitean for real fields A0
µa(x) and real

parameters αa(x). That this specific solution of the inho-
mogeneous equation is not unique and that it is possible
to add to it solutions of the homogeneous equation

[α,Λ1
β ] + [Λ1

α, β] + i(δαΛ1
β − δβΛ

1
α) = iΛ1

α×β (63)
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has been discussed thoroughly in many places (e.g. [10,15]).
There are no new aspects to this question in first order in
a in this particular model.

With a solution for Λ1
α at our disposition, it is possible

to express a “matter” field ψ (i.e. field in the fundamental
representation) in terms of A0

µ and a matter field ψ0 of the
standard gauge theory

δαψ
0 = iαψ0. (64)

Up to first order in a, (54) is solved by

ψ = ψ0 − 1
2
xλCµν

λ A0
µ∂νψ

0 +
i
8
xλCµν

λ [A0
µ, A

0
ν ]ψ0. (65)

The same way as we express ψ in terms ofA0
µ andψ0, we

can define the Seiberg–Witten map for gauge fields (they
are in the adjoint representation of the enveloping algebra).
When we derived the respective formulae in the previous
section, we discovered that the gauge fields have to be
derivative-valued. Therefore we have to discuss solutions
of the Seiberg–Witten map for the following relations:

δαVi = (D∗
iΛα)e−ia∂n − i[Vi

�, Λα], (66)

and

δαVn = (D∗
nΛα)e−ia∂n +

(
(eia∂n − 1)Λα

)
D∗

n

−ia(D∗
j eia∂nΛα)D∗j − i[Vn

�, Λα]. (67)

It is technically not simple to solve these two equations
(especially since the second one is a sum of several terms
with different dependence on derivatives), but conceptually
there are no further problems. Without going into details
we present the solution up to first order in a:

Vi = A0
i − iaA0

i ∂n − ia
2
∂nA

0
i − a

4
{A0

n, A
0
i }

+
1
4
xλCµν

λ

({F 0
µi, A

0
ν} − {A0

µ, ∂νA
0
i }

)
, (68)

Vn = A0
n − iaA0j∂j − ia

2
∂jA

0j − a

2
A0

jA
0j

+
1
4
xλCµν

λ

({F 0
µn, A

0
ν} − {A0

µ, ∂νA
0
n})

. (69)

Here F 0
µν = ∂µA

0
ν − ∂νA

0
µ − i[A0

µ, A
0
ν ] is the field strength

of the undeformed gauge theory. We emphasize the depen-
dence on derivatives in the terms A0

i ∂n and A0j∂j .
From the covariant derivative Dµ = D∗

µ − iVµ we can
calculate Fµν = i[Dµ

�, Dν ] to first order in a. As dis-
cussed in the previous section, it will be of first order in
the derivatives, the sum of a curvature-like term and a
torsion-like term:

Fµν = Fµν + T ρ
µνDρ. (70)

The result is (up to first order in a)

Fij = F 0
ij − iaD0

nF
0
ij

+
1
4
xλCµν

λ

(
2{F 0

µi, F
0
νj} + {D0

µF
0
ij , A

0
ν}

−{A0
µ, ∂νF

0
ij}

)
, (71)

Tµ
ij = −2iaηµ

nF
0
ij , (72)

Fnj = F 0
nj − ia

2
Dµ0F 0

µj

+
1
4
xλCµν

λ

(
2{F 0

µn, F
0
νj} + {D0

µF
0
nj , A

0
ν}

− {A0
µ, ∂νF

0
nj}

)
, (73)

Tµ
nj = −iaηµlF 0

lj − iaηµ
nF

0
nj . (74)

These quantities transform covariantly:

δαFµν = i[Λα
�, Fµν ], (75)

δαT
ρ
µν = i[Λα

�, T ρ
µν ]. (76)

Now we have all the ingredients to construct to first order
in a a gauge theory based on the non-commutative spaces
defined by (1) in terms of the usual fields A0

µ and ψ0.
The dynamics of the gauge field can be formulated with

the tensor Fµν

Lgauge = c Tr
(
Fµν � Fµν

)
. (77)

Note, however, that Tr
(
Fµν �F

µν
)

is not invariant because
the coordinates do not commute. The Lagrangian Lgauge
will render an action gauge invariant if it is formulated with
an integral with the trace property3. The trace will also
depend on the representation of the generators T a because
higher products of the generators will enter through the
enveloping algebra (for a detailed discussion of this issue,
see [17]).

To first order in a, when written in terms of A0
µ, we

obtain the following expression for the gauge part of the
Lagrangian (choosing in analogy to the undeformed theory
c = − 1

4 ):

Lgauge|O(a) = − i
8
xλCρσ

λ

× Tr
(D0

ρF
0µνD0

σF
0
µν +

i
2

{A0
ρ, (∂σ + D0

σ)(F 0µνF 0
µν)}

−i{F 0µν , {F 0
µρ, F

0
νσ}})

(78)

+
ia
4

Tr
(D0

n(F 0µνF 0
µν) − {D0

µF
0µj , F 0

nj}
)
,

where D0
µ = ∂µ − iA0

µ (or adjoint D0
µ· = ∂µ · −i[A0

µ, ·]
acting on F 0

µν). Cyclicity of the trace allows for several
simplifications on the terms on the right-hand side.

3 To attain the trace property, a measure function can be
introduced (compare [6]). Since the measure function does in
general not vanish in the limit a → 0, it should be compensated
without spoiling the gauge invariance of the action. This is
possible, leading however to additional first-order terms in the
action (compare e.g. [16]).
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Thematter part of the theorywill be the gauge covariant
version of the free Lagrangian as it was developed in [6]

Lmatter = ψ̄ � (iγµDµ −m)ψ. (79)

To first order in a, when written in terms of A0
µ and

ψ0, we obtain

Lmatter|O(a) =
i
2
xνCρσ

ν D0
ρψ

0 D0
σ

(
iγµD0

µ −m
)
ψ0

− i
2
xνCρσ

ν ψ̄0γµF 0
µρD0

σψ
0 (80)

+
a

2
ψ̄0γjD0

nD0
jψ

0 +
a

2
ψ̄0γnD0

j D0jψ0.

These are the Lagrangians which define the dynamics
on the κ-deformed Minkowski space.

5 Gauge transformations
and the κ-Lorentz algebra

Our concept of gauge transformations on non-commutative
spaces rests on the Seiberg–Witten map. With the help
of this map gauge transformations can be realized in the
enveloping algebra of the Lie algebra

φ′ = φ+ δαφ = φ+ iΛα � φ (81)

with (δαδβ − δβδα)φ = δα×βφ.

To find such a realization it turned out to be necessary that
Λα depends on the standard Lie algebra-valued gauge field
A0

µ and its derivatives. Therefore under a gauge transfor-
mation Λα will transform as well and (81) leads to

i(δαΛβ − δβΛα) � φ+ (Λα � Λβ − Λβ � Λα) � φ

= iΛα×β � φ. (82)

In this section we want to see how these equations behave
under the κ-deformed Lorentz transformations. OnlyM∗in

has a deformed coproduct rule (compare with (21)):

M∗in (f � g)

=
(
M∗inf

)
� g +

(
eia∂∗

nf
)
�

(
M∗ing

)
+ia

(
∂∗

j f
)
�

(
M∗ijg

)
(83)

and therefore we will restrict our discussion toNε = εiM
in.

A scalar field transforms as follows:

φ̃ = φ−N∗
ε φ, (84)

whereN∗
ε acts on the coordinates; compare with (23). This

transformation can be inverted, to first order in ε:

φ = φ̃+N∗
ε φ. (85)

We assume that Λα transforms like a scalar field.

First we compute φ̃′, by applying (84) to (81):

φ̃′ = φ+ iΛα � φ− (N∗
ε φ) − iN∗

ε (Λα � φ). (86)

For evaluating the last term in (86), the coproduct (83)
has to be used.

Next we compute φ̃ ′ by applying (81) to (84):

φ̃ ′ = φ− (N∗
ε φ) + iΛα � φ− iN∗

ε (Λα � φ). (87)

This shows that the two transformations commute. When
we use (85), the gauge transformation (86) can be written
as a gauge transformation on φ̃:

δαφ̃ = iΛα � φ̃+ iΛα � (N∗
ε φ̃) − iN∗

ε (Λα � φ̃). (88)

We draw the commuting diagram to illustrate the result

φ
α−→ φ′

ε ↓ ↓ ε (89)

φ̃
α−→ φ̃′ ≡ φ̃ ′.

The gauge transformations on φ̃ – the κ-Lorentz trans-
formed scalar field – is now defined by (88). It remains to
be shown that (88) realizes the gauge group as well:

(δαδβ − δβδα)φ̃ = δα×βφ̃. (90)

It is easier to compute δβδαφ̃ from (87) and to use (81). We
make use of (83) and after some rearrangements we obtain

(δβδα − δαδβ)φ̃

= (i(δβΛα − δαΛβ) − (Λα � Λβ − Λβ � Λα)) � φ

−N∗
ε (i(δβΛα − δαΛβ)

−(Λα � Λβ − Λβ � Λα)) � φ (91)

−eia∂∗
n (i(δβΛα − δαΛβ)

−(Λα � Λβ − Λβ � Λα)) � N∗
ε φ

+ia∂∗
j (i(δβΛα − δαΛβ)

− (Λα � Λβ − Λβ � Λα)) � εlM ljφ.

We use the condition (82) again and obtain the result (90).
This demonstrates that (88) is a gauge transformation.

It is also possible to verify the result (90) by a direct
calculation. We start with the solution of the Seiberg–
Witten map (62)

Λα = α− 1
4
xλCµν

λ {A0
µ, ∂ν α} + O(a2)

=: α+ Λ1
α + O(a2) (92)

and (65)
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φ = φ0 − 1
2
xµCρσ

µ A0
ρ∂σφ

0

+
i
8
xµCρσ

µ [A0
ρ, A

0
σ]φ0 + O(a2)

=: φ0 + φ1 + O(a2) . (93)

We first apply M∗in to (93) and gauge transform the
undeformed fields afterwards. This has to be equal toM∗in

applied to δαφ = iΛα � φ up to first order in a. Applying
M∗in on δαφ, the coproduct (83) has to be taken into
account and we obtain

M∗in(Λα � φ) (94)

= (M∗inΛα) � φ+ (eia∂∗
nΛα) � (M∗inφ)

+ia(∂∗
jΛα) � (M ij∗φ).

To write this explicitly to first order we need the opera-
tors (21) expanded up to first order in a:

M∗in = xi∂n − xn∂i +
ia
2
xi∂µ∂

µ − ia
2
xµ∂µ∂

i

=: M∗in
0 +M∗in

1 (95)

and

M ij∗ = xi∂j − xj∂i =: M ij∗
0 . (96)

Now we obtain from (94):

iM∗in(Λα � φ)|O(a)

= i(M∗in
1 α)φ0 + iα(M∗in

1 φ0) − 1
2
xµCρσ

µ ∂ρ(M∗in
0 α)∂σφ

0

− 1
2
xµCρσ

µ ∂ρα∂σ(M∗in
0 φ0) + i(M∗in

0 α)φ1 (97)

+ iα(M∗in
0 φ1) + i(M∗in

0 Λ1
α)φ0 + iΛ1

α(M∗in
0 φ0)

− a∂nα(M∗in
0 φ0) − a∂jα(M ij∗

0 φ0) .

Notice that

δα(M∗in
0 φ1) (98)

= iM∗in
0

(
i
2
xµCρσ

µ ∂ρα∂σφ
0 + αφ1 + Λ1

αφ
0
)
,

since φ1 was constructed as solution for the Seiberg–Witten
map (65). Besides it can be shown by direct calculation that

iM∗in
1 (α)φ0 + iαM∗in

1 (φ0) (99)

= iM∗in
1 (αφ0) − axj∂µα∂

µφ0 +
a

2
xµ∂µα∂

uφ0

+
a

2
xµ∂iα∂µφ

0

as well as that

− 1
2
xµCρσ

µ ∂ρ(M∗in
0 α)∂σφ

0 − 1
2
xµCρσ

µ ∂ρα∂σ(M∗in
0 φ0)

= −M∗in
0

(
1
2
xµCρσ

µ ∂ρα∂σφ
0
)

+
1
2
M∗in

0 (xµ)Cρσ
µ ∂ρα∂σφ

0

− 1
2
xµCρσ

µ

(
∂ρ(M∗in

0 )(α)∂σφ
0 + ∂ρα∂σ(M∗in

0 φ0)
)
,

(100)

where ∂ρ(M∗in
0 )(α) := ηi

ρ∂
nα − ηn

ρ ∂
iα. Then (98), (99)

and (100) yield

M∗in(Λα � φ)|O(a)

= δα(M∗in
1 φ0) + δα(M∗in

0 φ1)

−axi∂µα∂
µφ0 +

a

2
xµ∂µα∂

iφ0

+
a

2
xµ∂iα∂µφ

0 +
1
2
M∗in

0 (xµ)Cρσ
µ ∂ρα∂σφ

0 (101)

− 1
2
xµCρσ

µ

(
∂ρ(M∗in

0 )(α)∂σφ
0 + ∂ρα∂σ(M∗in

0 φ0)
)
.

Calculation shows that the last terms on the right-hand
side all cancel and we end up with

(M∗inδαφ)|O(a) = δα(M∗in
1 φ0) + δα(M∗in

0 φ1) . (102)

Hence we showed explicitly up to first order in a that (90)
is true.
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